Deep Neural Networks have achieved remarkable success depending on the developing high computation capability of GPUs and large-scale datasets with increasing network depth and width. However, due to the expensive computation and intensive memory, researchers have concentrated on designing compression methods in recent years. In this paper, we propose an improving framework of partial regularization rather than the original form of penalizing all parameters. It is reasonable and feasible with the help of permutation invariant property of neural network. Experimental results show that since the objective functions contain less number of entries in regularization terms, the computational costs in both training and test phases are reduced. As we expect, the running time decreases in all experiments we have tested. Surprisingly, partial regularization framework brings improvements such as higher classification accuracies in both training and testing stages on multiple benchmark datasets. What's more, we analysed the results and draw a conclusion that the optimal network structure must exist and depend on the input data.
Introduction
Deep neural networks have attracted lots of attention for their great success in many tasks since they contain millions or even billions of parameters, especially in the fully-connected layers. It has been shown expensive because of the required enormous memory and time. As is known to all, most of the parameters in such over-parametric networks are redundant and not equally important. Therefore, compact architectures could do as good a job as the deep ones. Moreover, the complexity of neural networks increases such that the training error reduces but the gap between training and test error is too large. This makes it more prone to overfitting. On the other hand, shallow networks may struggle to handle non-linearities as effectively as deeper ones because it is unlikely to fit complicated high dimensional functions. Hence, model compression for deep architectures, or more precisely determining the best number of parameters, is indeed a challenging but necessary task that should be studied. In recent years, it has already made much progress by the deep learning community. Those works do serve to reduce the storage and computational costs. When considering the model compression task, one way is to impose the group sparsity regularization to automatically determine the number of neurons and select the remaining ones in each layer of a deep neural network simultaneously as the machine is learning. In fact, once a neuron is removed from the network, the outgoing weight vector grouping defined in the paper [1] will have no effect on the final output. In this case, we can remove the entire group as each group is defined to act on all the outgoing weights from the belonging neuron. Setting these parameters to zero amounts to cancelling the influence of a particular neuron and thus removing it entirely. As a consequence, group regularization method and its variant don't require training an initial and large neural network as a pre-processing step. They do not depend on the success of learning a redundant network to later reduce its parameters, but instead jointly learn the number of relevant neurons in each layer and the parameters of these neurons. Roughly speaking, the wider and deeper the network, the higher its performance is. So obviously, there are two ways to increase the complexity/capacity of neural networks, one is adding hidden layers and the other is adding hidden units. However, in order to solve the problem efficiently and not to be trapped in such overfitting dilemma, scientists always need to do a trade-off between the depth and width when designing the network structure. A recent deduction from researchers is that increasing the depth is more efficient since it not only increases the number of units but also the embedding depths of the functions. Therefore, the over-parametric phenomenon is largely due to the width, at least in our experiments. If so, we don't need to penalty all parameters in each layer since any whole layer is not required to be removed. Our main contribution in this paper is to introduce a general framework of partial regularization to improve the performances of the existing regularization methods. Experimental results demonstrate the effectiveness of our partial regularization framework operating on fully connected layers only. We compare the performances of the modified methods with some previous works on multiple famous datasets and find that our improving framework does have some advantages. It results in an improvement on some metrics that we are interested in on both training and test stages. At the same time, it reduces the computation costs since less entries are involved in the calculation of the regularization terms. In short, applying partial regularization on network parameters is more powerful than full regularization and permutation invariant property in neural networks provides us efficiency in realizing our idea.
Model Compression Methods
In this section, we briefly introduce several kinds of famous algorithms in model compression, along with their advantages and disadvantages following the survey paper [2] respectively.
Parameter Pruning and Sharing
Parameter pruning is to remove the redundant parameters with less information in the trained deep neural network. Those parameters are not crucial to the performance. Therefore, pruning helps to reduce the number of parameters and then speed up the computation with less storage. Furthermore, it is effective in addressing the overfitting problem. In the late 20th century, the Optimal Brain Damage [3] and the Optimal Brain Surgeon [4] methods were proposed to remove connections with low importance based on the Hessian of the loss function. In recent years, researchers concentrate on how to prune redundant, non-informative weights in a pre-trained CNN model. For example, Srinivas and Babu [5] proposed a data-free pruning method to remove redundant neurons using back propogation. Han et al. [6] proposed a method to reduce the storage and computation required by neural networks without affecting their accuracy by learning only the important connections. Parameter sharing is to create a mapping that helps to share some parameters within the same data. Quantization which replace full-precision weights by low bit ones is the most popular method in this area. Chen et al. [7] proposed a HashedNets model that used a low-cost hash function to group weights into hash buckets for parameter sharing. The deep compression method in [8] removed the redundant connections and quantized the weights, and then used Huffman coding to encode the quantized weights. In [9] , a simple regularization method based on soft weight-sharing was proposed, which included both quantization and pruning in one simple (re-)training procedure. There is also growing interest in training compact CNNs with sparsity constraints. Those sparsity constraints are typically introduced in the optimization problem as l 0 or l 1 -norm regularizers. The work in [10] imposed group sparsity constraint on the convolutional filters to achieve structured brain Damage, i.e., pruning entries of the convolution kernels in a group-wise fashion. In [11] , a group-sparse regularizer on neurons was introduced during the training stage to learn compact CNNs with reduced filters. Wen et al. [12] added a structured sparsity regularizer on each layer to reduce trivial filters, channels or even layers. In the filter-level pruning, all the above works used l 2,1 -norm regularizers. The work in [13] used l 1 -norm to select and prune unimportant filters. There are some potential issues of the pruning and sharing works. First, pruning with l 1 or l 2 regularization requires more iterations to converge. What's more, all pruning criteria require manual setup of sensitivity for layers, which demands fine-tuning of the parameters and could be cumbersome for some applications.
Low-Rank Factorization
The key idea of low-rank factorization is to adopt matrix or tensor decomposition in deep neural networks. The low-rank approximation was done layer by layer. The parameters of one layer were fixed after it was done, and the layers above were fine-tuned based on a reconstruction error criterion. For the convolution kernels, it can be viewed as a 4D tensor. There is a significant amount of redundancy in 4D tensor, which contributes the bulk of all computations in deep CNNs. In [14] , they proposed canonical Polyadic (CP) decomposition which used nonlinear least squares and replace the original convolutional layer with a sequence of four convolutional layers with small kernels. In [15] , they proposed a new algorithm for computing the low-rank tensor decomposition and a new method for training low-rank constrained CNNs from scratch. Considering the fully-connected layer, it can be view as a 2D matrix. There are several classical works on exploiting low-rankness in fully connected layers. For instance, Misha et al. [16] reduced the number of dynamic parameters in deep models using the low-rank method. [17] explored a low-rank matrix factorization of the final weight layer in a DNN for acoustic modeling. Besides, dropout in [18] is to set a randomly selected subset of activations to zero within each layer from the neural network during training. However, the implement of low-rank factorization is not that easy since it contains decomposition operation, which is computationally expensive. Another issue is that current methods perform low-rank approximation layer by layer, and thus cannot do global model compression, which is important because different layers hold different information. Finally, factorization requires extensive model retraining to achieve convergence when compared to the original model.
Compact Convolutional Filters
CNNs are parameter efficient due to exploring the translation invariant property of the representations to input image, which is the key to the success of training very deep models without severe over-fitting. The key idea is to replace the loose and over-parametric filters with compact blocks and therefore helps to reduce the computation cost. It has been proved to significantly accelerate CNNs on several benchmarks. For example, decomposing 3 × 3 convolution into two 1 × 1 convolutions was used in [19] , which achieved state-of-the-art acceleration performance on object recognition. SqueezeNet [20] was proposed to replace 3 × 3 convolution with 1 × 1 convolution, which created a compact neural network with about 50 fewer parameters and comparable accuracy when compared to AlexNet. There are some drawbacks of these methods. Firstly, they cannot achieve competitive performance for narrow or special ones (like GoogleNet, Residual Net). Secondly, it is difficult to be used together with other technologies for improving the compression performance. Last but not least, it cannot generalize so well and may cause unstable results for some datasets.
Knowledge Distillation
The main idea of Knowledge Distillation based approaches is to shift knowledge from a large teacher model into a small one by learning the class distributions output via softened softmax. In [21] , they introduced a KD compression framework which compressed an ensemble of deep networks (teacher) into a student network of similar depth by penalizing a softened version of the teacher's output. [22] extended the idea of KD to allow for thinner and deeper student models, using not only the outputs but also the intermediate representations learned by the teacher as hints to improve the training process and final performance of the student. There are several improvements along this direction. [23] trained a parametric student model to approximate a Monte Carlo teacher. The proposed framework used online training, and used deep neural networks for the student model. Different from previous works which represented the knowledge using the soften label probabilities, [24] represented the knowledge by using the neurons in the higher hidden layer, which preserved as much information as the label probabilities, but are more compact. [25] accelerated the experimentation process by instantaneously transferring the knowledge from a previous network to each new deeper or wider network. The techniques are based on the concept of function-preserving transformations between neural network specifications. Zagoruyko et al. [26] proposed Attention Transfer (AT) to relax the assumption of FitNet. They transferred the attention maps that are summaries of the full activations. KD-based Approaches can make deeper models thinner and help significantly reduce the computational cost. However, there are a few drawbacks. One is that KD can only be applied to classification tasks with softmax loss function, which limits its usage. Another drawback is that the model assumptions sometimes are too strict to make the performance not so competitive when compared with other types of compression approaches.
Regularization Methods
Here we give a review of group lasso regularization and its variants for their use of automatically learning a compact structure of a deep network during training in more detail. A general deep network is denoted by
It can be described as a succession of L layers where the 0th layer is an input layer, the L-th layer is an output layer, and others are hidden layers performing linear operations on their input, intertwined with non-linearities defined by activate function σ. It takes a vector x as input, and returns a scalar y after propagating it through the whole neural network. Each layer l consists of N l neurons, each of which is encoded by parameters θ n l = [W n l , b n l ], where W n l is a linear operator acting on the layer's input and b n l is a bias. Altogether, these parameters form the parameter set θ = {θ l } 1≤l≤L , with θ l = {θ n l } 1≤n≤N l . Given a training dataset consisting of N instances (x i , y i ) 1≤i≤N , the training objective for learning the parameters of the network can be expressed as:
where L(·, ·) is a proper loss function, R(·) is the regularization term and λ is the regularization parameter that balances both terms. Standard choices for L(·, ·) are the squared error for regression, and the cross-entropy loss for classification. Choosing the correct regularization really impacts the performance of pruning and retraining. The most popular choice of parameter norm penalty is the l 2 -norm in which the sum of squares of parameters values is added to the loss function: R l2 (θ) = ||θ|| 2 . It is commonly known as 'weight decay' in the network literature. This regularization strategy drives the weights closer to the origin and helps to prevent overfitting since it has an effect of adding a bias term to reduce variance of the model, which in turn results in a lower generalization error. However, the only method to enforce sparsity with weight decay is to artificially force all weights that are lower than a certain threshold in absolute terms to zero. Even in this way, its sparsity effect might be negligible. To obtain a sparse model where large portion of weight is zeroed out, R(·) needs to be a sparsity-inducing regularizer R l1 (θ) = ||θ|| 1 . This l 1 -norm regularization results in obtaining a sparse weight matrix, since it requires the solution to be found at the corner of the l 1 -norm ball, thus can eliminate unnecessary elements. The element-wise sparsity can be helpful when most of the features are irrelevant to the learning objective, as in the data-driven approaches. It gives better accuracy after pruning, but before retraining. However, the remaining connections are not as good as with l 2 regularization, resulting in slight accuracy reduction after retraining.
Since l 2 -norm has the grouping effect that results in similar weights for correlated features, this will result in complete elimination of some groups, thus removing some input neurons. This has an effect of automatically deciding how many neurons to use at each layer. Still, this group sparsity does not maximally utilize the capacity of the network since there still exists redundancy among the features that are selected. Thus, they chose to apply a sparsity-inducing regularization that obtains a sparse network weight matrix, while also minimizing the redundancy among network weights for better utilization of the network capacity.
We propose to do model compression by starting from an over-complete network and canceling the influence of some of its neurons. Note that none of the standard regularizers could achieve this goal: The former favors small parameter values, and the latter tends to cancel out individual parameters, but not complete neurons. In fact, a neuron is encoded by a group of parameters, and the goal therefore translates to making some entire groups go to zero. In [27] , the authors introduce group lasso regularization as:
where |p l | amounts for the varying group size of the parameters for each neuron in layer l and it ensures that each group gets weighted uniformly. Since the Euclidean norm of a vector θ l is zero only if all of its components are zero, this procedure encourages sparsity at both the group and individual levels. That is, l 2 -norm has the grouping effect that operates on similar weights for correlated features, it will result in complete elimination of some groups, thus removing some input neurons. This has an effect of automatically deciding how many neurons to use at each layer. That is why group Lasso is an efficient regularization to learn sparse structures, so we could apply it to regularize fully-connected layers (number of neurons and layer depth). The formulation in Eq. 2 might still be sub-optimal, however, since we lose guarantees of sparsity at the level of single connections among those remaining after removing some of the groups. [28] and [29] propose a more general penalty in order to select groups and predictors within a group. They consider the following composite 'sparse group Lasso' (SGL) penalty clearly stated in [30] :
where α ∈ [0, 1] sets the relative influence of both terms. Note that α = 0 brings us back to the regularization term of Eq. 2.
In an elegant paper [31] , the authors proposed a new algorithm to automatically determine the number of neurons in each layer of the network. They introduced a parameter λ l to measure the influence of the penalty in Eq. 2. Specifically, they revised the group lasso regularization term as:
They said that λ l could be different for various layers and in practice, it was most effective to have two different weights: a relatively small one for the first few layers, and a larger weight for the remaining ones. Similarly, to further leverage this idea within their automatic model selection approach, they extend Eq. 4 to a sparse version:
Learning the right connections is an iterative process. Pruning followed by a retraining is one iteration, and the minimum number of connections could be found after many such iterations. After one such iteration, neurons with zero input connections or zero output connections may be safely pruned and then other connections from that neuron should be furthered removed. Therefore, the retraining phase finally arrives at the result where dead neurons will have both zero input connections and zero output connections. This occurs due to gradient descent and regularization. A neuron that has zero input connections (or zero output connections) will have no contribution to the final results, leading the gradient to be zero for its output connections (or input connections), respectively. When learning terminates, the regularization term will push the parameters of some neurons go to zero in the end. Thus, the dead neurons will be automatically removed during retraining. Furthermore, when considering fully-connected layers, the neurons acting on the output of zeroed-out neurons of the previous layer also become useless so that they can be removed since they have no effect on the output. Ultimately, removing all these neurons yields a more compact architecture than an original, over-complete one. Firstly I will describe the process of how node selection works. To make it intuitive, let's consider the right compact neural network in Fig 1 for example. If the norm of outgoing weights from node h 11 is nearly zero and the norm for that from h 12 and h 13 exceeds zero, the output of this layer is essentially based only on h 12 and h 13 . Under this circumstance, even if we remove node h 11 , it has no large changes and retains the DNN performances that were gained before node pruning. On the other hand, if the norm of ingoing weights to h 21 is nearly zero and the norm of that to h 22 and h 23 for exceeds zero, the output of hidden layer 2 is essentially related to h 22 , h 23 and the bias terms. In this situation, even if we prune node h 21 , it still has no large changes and the DNN performances accordingly remain almost the same. However, because the node is pruned according to its weight vector norm, its bias remains as a constant. Therefore, we have to remember here to shift the bias for the pruned node to the upper layer nodes. Regardless of the weight vector grouping, if we can control the values of the weight vector norm in the DNN training, or more precisely, selectively minimize the norm values, we can also achieve a mechanism that automatically selects nodes without big changes in the performances of the trained DNNs.
Our Improving Framework of Partial Regularization
In the presence of multiple hidden neurons, permutation invariant property appears, i.e., the model of the observed data is invariant with respect to exchange of arbitrary two hidden neurons. In addition, the permutation invariant property is a common feature in many modern neural network architectures. It plays an important role in understanding the computation performance of a broad class of neural networks with two or more hidden units. As a matter of fact, we do penalty all if we want to remove all the neurons of one whole layer. Regularization terms in the previous methods contain all the parameters of neural networks. In practice, we usually encounter the application of full regularization since the initial network is artificially set to be really too big. The goal of model compression is to make it as small as possible. In this paper, we don't need to impose penalty on all for the reason that our designed network for each problem is not so large that removing one or more whole hidden layers may have an extremely bad effect to the final results. We propose an improving framework of partial and successive penalty, taking advantage of its permutation invariant property. We give a visual representation of our framework in Fig 1. The original network contains one input layer, two hidden layers and one output layer which takes x 0 as input and y 0 as output. Without loss of generality, we can artificially set a series of coefficients in order to remove the particular two neurons of hidden layer 1 that are highlighted in red color. Once the selected neurons are removed, the corresponding outgoing weights represented by blue dashed line should be considered not crucial to the outputs. Therefore, we don't need to penalty all the outgoing connections of hidden layer 1 if we have done the neuron-cut procedure. This is why methods with our improving framework would be faster than previous ones because they require less computation for the regularization terms. Of course, we can also impose the penalty on the input layer since cancelling some input neurons may not cause great changes to the output, unless our network has only one input neuron.
Applying the improving framework translates group lasso regularization and its sparse variant into forms of partial regularization. To this end, we introduce a new hyper-parameter β n to modify the group lasso regularization (2):
Following the derivation in the last section, we propose to exploit sparse group lasso regularization and rewrite the regularizer as follows:
However, when we conduct experiments with our improving framework on the group lasso variants adopting layer weights, training performances are better but test performances become worse which means that it doesn't have a better generalization ability. We deduce that it may have a conflict between these two tricks so that we do not combine together.
Clearly, to realize our idea, we ccould set the new hyper-parameter β n to be a diagonal matrix with some entries being zeros mathematically. If so, the regularization term contains a smaller number of elements than the corresponding one of full regularization form. What's more, we can set the number of zeros in β n artificially to determine the number of entries left in the regularization terms. Because of the permutation invariant property, it has no effect to the final loss. We will discuss later about the results of different initialization of the hyper-parameter β n .
Experiments
In the experiment section, we evaluate our proposal on different datasets with a strong focus on the performance of reducing computation cost and improving network metrics. We begin with a simple toy example to illustrate its general performance and then move on to famous and large real-world datasets which require the use of deeper, larger networks.
In particular, we demonstrate the advantages of applying our improving framework with comparison of original methods. Note that hardware and program optimizations can further boost the performance but are not covered in this work.
Experiment Setup
We briefly describe some details of the implementation. The numerical experiments are run on an Acer desktop with 2.60GHz Intel Core i7, and those image classification tasks need one GeForce GTX 1080 Ti GPU for acceleration. Datasets: For testing the performance of regression tasks, we use a toy example of function y = −x 2 for 40 points equally distributed in range [-1, 1] and Boston House Pricing Dataset 3 . The latter one was collected in 1978 and each of the 506 entries represent aggregated data about 14 features for homes from various suburbs in Boston, Massachusetts. For testing the performance of classification tasks, we choose Sensorless Drive Diagnosis(SDD) dataset, the extremely famous MNIST dataset and Fashion-MNIST dataset. These data sets include different data types and training set sizes.
In the SDD dataset, we wish to predict whether a motor has one or more defective components, starting from a set of 48 features obtained from the motor's electric drive signals. The dataset is composed of 58508 examples obtained under 11 different operating conditions. The MNIST database is composed of 70 thousands 28 × 28 gray images of the handwritten digits 0-9. It has 60000 images for training and 10000 for test. Fashion-MNIST is a dataset of Zalando's article images-consisting of a training set of 60,000 examples and a test set of 10,000 examples. Each example is a 28 × 28 grayscale image, associated with a label from 10 classes. Architecture Design: We focus on the performance of our partial regularization framework for fully-connected layers.
For the architecture of the networks, we artificially set the number of layers to 4, with 1 input layer, 2 hidden layers, 1 output layer and the number of neurons by trial and error. We use Rectified Linear Unit (ReLU) as the activation function for the hidden variables. All the weights in the network are initialized using a normal distribution without any pre-training. We choose α = 0.1 for the sparse form of methods and fixed regularization factors for different tasks. The size of the mini-batches is set differently depending on the dimensionality of the problem. All of the hyper-parameters are given in Table 1 , some of which are from [30] . Training: We train the neural networks by using the popular Adam [32] algorithm with or without mini-batches. Adam is a variant of stochastic gradient descent algorithm, based on adaptive estimates of lower-order moments. In all cases, parameters of the Adam procedure are kept as the default values recommended in the original paper. We also adopted the technique of batch normalization [33] , right after each linear transformation and before activation. This method accelerates the training by allowing a larger step size and easier parameter initialization. Implementation Trick: In the mathematical formula, we introduce a new coefficient β n operating on the regularization terms. According to our proposed method, we choose it to be a diagonal matrix with some entries being 1 and the left ones being 0. If we multiply such a diagonal matrix with the weight matrix, the corresponding several rows of their matrix product will be all zeros and cannot be processed successfully in Tensorflow [34] . Therefore, we decide to adopt a trick of slicing the parameter matrix only on the first dimension to the required shape. By this way, specific number of parameters are involved to be updated in each iteration, same as the former matrix multiplication idea. For group lasso method and its variants, we assume that each group only has one parameter so that p l is set to be the width of parameter θ l . Due to the fluctuation of running time, we choose the average among three tries under the same settings.
The following tables contain metrics showing training and test performances, neurons after pruning, sparsity and total running time. Sparsity reports the ratio of the number of parameters that are smaller than a fixed threshold over the total number. 
Regression Tasks
Toy example is a data fitting task using neural networks. Table 2 shows that methods with our improving framework have lower training and test loss and require less running time. It means that networks after partial regularization can bring better fitting results than those after full regularization more quickly, as shown in Fig. 2 . Red curves on the right-hand side are closer to the plot of original function. Since the main goal of Boston House Pricing task is to construct a working model which has the capability of predicting the value of houses, we naturally separate the dataset into features and the target variable. The features give us quantitative information about each data point and the target variable will be the price we seek to predict. We observe that methods with our improving framework perform better on the training data. Also, partial regularization improves test performances. This means that it provides better predictions of the housing prices with a better model after pruning than methods with full regularization. Additionally, less time is required by applying our improving framework in the experiments. Moreover, it helps to reduce the number of neurons in some layers of the networks.
Here we present a result which is not stated but does exist in our experiments. When conducting further training with the obtained slim neural network and comparing the total running steps with those of the original ones, we find that it takes fewer steps to achieve comparable performance. Furthermore, it will be better than that of training original neural network with regularization finally. At the same time, if we train a neural network of the same small size with random initialization, it will always provide us worse performances. That means it's better for us to 
Classification Tasks
We choose a variety of datasets to prove that our partial regularization framework is a general technique for improving the classification performance and generalization ability of neural networks. Since the number of neurons for each layer has great difference, we compute several results for different ratios of zeros in β n for classification tasks and report the values at a particular β n for some metrics to show the effectiveness of our modified methods. As we can see, no matter which dataset we choose, our partial regularization framework always makes the training better, even with a great improvement under an appropriate choice of the new hyper-parameter β n . Similarly, it also has a good impact on test performances. Actually, it is not difficult to find such β n since almost anyone we choose in our experiments could bring better results for most circumstances. Another thing we want to emphasize is that our framework does help to reserve the most important neurons and connections. When compared to the network structure obtained with no regularization, they still get a more compact network with little loss on metrics, sometimes neglected. When we take a look at the last column of each table, our improving framework brings a minor acceleration on the running time. However, the speed-ups are not such great as we imagine and deduce by mathematical representations. Even though partial regularization contains less parameters which need to be trained, it may owing to that the running time may largely come from data processing steps, background program occupation in Tensorflow when running codes or other unknown reasons. At the same time, since partial regularization reserve more neurons, the computation is more complicated than that of full regularization. One main drawback of our framework occurs when considering the performance of parameter reduction. It seems to reserve more parameters than the original ones. We present some thoughts as follows. Maybe the original methods, especially group lasso method, remove so many neurons including some important ones. According to our experiments, we find that neural networks compressed by original full regularization methods contain much less neurons than those of partial regularization methods. If so, much useful information are neglected and cannot be transferred to the following layers. It must result in a bad effect on the performance. What's more, there is no monotone increasing or decreasing trend in test classification accuracy with different β n in Fig.  3 . Therefore, we could conclude that for any network on a specific dataset, there must exist an optimal zero ratio of β n so that our improving framework could help to get a more compact network along with highly acceptable accuracy and generalization ability. At the same time, artificial settings of arbitrary positions of zeros in β n do not affect the performances of our modified methods so that it verifies the permutation variant property of neural networks conversely.
Conclusions
We have introduced an improving framework of partial regularization to accelerate the computations with the help of the permutation invariant property in neural networks and apply it into group lasso method and its sparse variant.
To this end, we impose a new coefficient on the parameters of the fully-connected layers in deep neural networks. In mathematical representation, it works within the regularization terms stated in Section 4. Our experiments have demonstrated the advantages of our improving framework on regularization methods for several tasks including those of regression and classification types. We could conclude that if we choose the coefficient β n properly, it has been found useful to improve the training performances and test performances with less or at least equal running time consistently. This means that our partial regularization framework could not only improve the data fitting results, but also increase the generalization ability of compressed neural networks. By the way, it yields a more compact architecture than the initial over-complete network, thus saving both memory and computation costs. The limitation is that we have not shown its benefits on other different architectures, however, we believe it works in any circumstances such as convolutional and recurrent neural networks. We will go further study on this aspect. In addition, to deal with the aforementioned drawback of more reserved parameters, we could think of applying another modification on partial regularization framework in a proper way to obtain an optimal network structure with acceptable performance, such as the elegent one in [35] .
